The paper presents a detailed theory of the finite element approximations of two-dimensional transonic potential flow. We consider the boundary value problem for the full potential equation in a general bounded domain fi with mixed Dirichlet-Neumann boundary conditions. In the discretization of the problem we proceed as usual in practice: the domain Q is approximated by a polygonal domain, conforming piecewise linear triangular elements are used, and the integrals are evaluated by numerical quadratures. Using a new version of entropy compactification of transonic flow and the theory of finite element variational crimes for nonlinear elliptic problems, we prove the convergence of approximate solutions to the exact physical solution of the continuous problem, provided its existence can be shown.
Introduction
The investigation of transonic flow represents a very interesting part of fluid dynamics, both from physical and mathematical points of view. The interest resides in specific phenomena in high-speed gas flow and in the character of equations describing transonic flow.
Although transonic flow problems play an extremely important role in the design of high-speed airplanes, turbomachines, and compressors, the fundamental general questions concerning the existence and uniqueness of solutions are still open. Some results in this direction were obtained, e.g., by DiPerna [11], Morawetz [29] , and Feistauer, Mandel, and Ñecas [15, 16, 17, 18, 32] .
The publications [15, 16, 32] emphasize the importance of the second law of thermodynamics represented as an entropy condition; in [11, 17, 18, 29] the viscosity method is studied.
In contrast to the lack of theoretical results there exists a series of methods for the simulation of various types of transonic flow. Here we shall deal with the numerical solution of the transonic flow model based on the full potential equation.
Most numerical methods for the solution of transonic potential flow use finite differences, upwinding in the density and line relaxation, and often apply multigrid techniques ([1, 8, 25] ). As an extension of this approach, the finite element method on structured meshes combined again with upwinding in the density and line relaxation can be considered ( [9, 10] ).
Remarkable results were obtained by Glowinski, Pironneau, Bristeau, Pén-aux, Perrier, and Poirier ( [24, 5, 22, 23] ), who use the finite element method on unstructured meshes, least squares, and conjugate gradients. The entropy condition, which is incorporated into the minimization problem as a penalty functional, separates physical solutions from unphysical ones ( [24, 4] ). The convergence of this method for the case of polygonal domains was proved in Berger [3] .
In this paper we shall study the finite element approximation of the transonic flow problem in a general bounded plane domain Q described by the full potential equation with mixed Dirichlet-Neumann boundary conditions. In the discretization of the problem we proceed as usual in practice: the domain Í2 with a piecewise curved boundary is approximated by a polygonal one, conforming piecewise linear triangular elements are used, and the integrals are evaluated by numerical quadratures. This means, according to Strang ([34] ), that we commit the fundamental variational crimes. In order to improve the results of numerical calculations, we introduce a more involved version of the entropy condition.
Using Berger's generalization ([3] ) of the entropy compactification results obtained by Feistauer, Mandel, and Ñecas ( [15, 16, 27] ), and the theory of finite element variational crimes for nonlinear elliptic problems by Feistauer, Zenísek, Sobotíková ( [19, 20, 21] ), we shall present a detailed analysis for the convergence of entropie approximate solutions to an exact physical solution of the transonic potential flow problem. Special attention will be paid to the complete investigation of the convergence of the least squares method with entropie penalization.
1. Continuous problem 1.1. Some fundamental concepts. We shall deal with two-dimensional models of stationary, adiabatic, homentropic, compressible, irrotational flows described by the full potential equation
(1.1.1) t£(»«*|v*fl|j;)-o i»"
Here, ßcR2 is a bounded domain that represents the region filled by the fluid, u is the velocity potential, and p is the density given by the relation
where po > 0 and arj > 0 are the density and speed of sound, respectively, at zero velocity, and k > 1 is the Poisson adiabatic constant. The velocity field is given by v = Vw = {du/dx\, dujdxi). If the flow is plane, then b = 1. In other two-dimensional models (flow in a fluid layer of variable thickness, axially symmetric flow; cf., e.g., [13, 28, 1] ) the function b depends on x = (xi, xi) e il.
We usually add to equation (1.1.1) mixed Dirichlet-Neumann boundary conditions
where j¡¡ is the derivative in the direction of the outer unit normal to d£l and Up, Qn are given functions. We assume that (1.1.4) dn = TDuTN, ronr^ = 0, where the sets To and T^ are formed by a finite number of open arcs (i.e., arcs without their end points) and r0 , TN denote the closures of To and TN , respectively. We assume that the velocity potential « is a single-valued function in Q. This is true, e.g., if the domain Q is simply connected. In multiply connected domains (flow past profiles) the situation becomes more complicated, owing to the fact that m is a multivalued function. We must incorporate the so-called Kutta-Joukowski trailing condition. For simplicity we do not consider this case.
The study of the boundary value problem (1.1.1), (1.1.3, a-b) is fraught with difficulties caused by the nonlinearity of equation (1.1.1) and the fact that it is of mixed type: equation (1.1.1) is (1.1.5) is transonic, if there are two nonempty subsets Qi, Q2 C Q such that the flow is subsonic in Qi and supersonic in Çlj . The boundary between Qi and Q2 is not known in advance and depends on the solution of equation (1.1.1). This boundary is usually formed by sonic lines and shock waves (or briefly shocks), characterized by jumps in the velocity and density. This means that the velocity potential u is not continuously differentiable in Q.
Across the shock T we consider the Rankine-Hugoniot transition conditions du\ + on r,
where -or + denotes the quantities in front of, or behind, the shock wave (with respect to the flow direction), respectively. By vertical bars and f-t and ■Ifc we denote here the derivatives with respect to the tangential and normal directions to the shock, respectively.
The fact that transonic flow with shock waves is an irreversible process requires the incorporation of the second law of thermodynamics into our model. We express it as the entropy condition 1 + (1.1. 7) IVwI >|Vw| on r, which means that the velocity must decrease across the shock wave. We remark that the transition across the shock is connected with an increase of the entropy and a rise of the vorticity. Therefore, the model of irrotational and homentropic flows can only be used provided the quantity |Vw|2 does not exceed 2öq/(/c + 1) too much. Then only so-called weak shocks occur, and the entropy increase as well as the vorticity production across the shock are negligible. This allows us to modify the function p(s) given in (1.1.2) close to the point 2a2,/(/c + 1) and to extend it onto the interval [0, +cxo) in such a way that (a) peCl([0,+oo)),
with*, e (^\, -^\] (si is close to -M-) ,
Here, p0, p^, c0 > 0 are constants. Of course, if « is a solution of equation (1.1.1) with the modified density p satisfying (1.1.8), then the corresponding velocity field v = Vw has physical sense, provided (1.1.9) |Vw|2<5i. (b) V = {ve Wl'2(Sl); Javdx = 0} ifTD = z.
The proof of case (a) can be found in [12] ; in case (b) we use regularization (cf. [26] , [31] 
We call u a weak solution of problem (1.1.1), (1.
It is easy to show that problems 1.2.5 (l)- (4) and (1.2.14, a-c) are formally equivalent. This means that the classical solution u satisfies (1.2.14, a-c) and conversely, a weak solution satisfying conditions (1), (2) of 1.2.5 is a classical solution. However, the concept of a weak solution is more general, and it can also be used for transonic flow with several shock waves.
1.2.15.
Weak formulation of the entropy condition. In order to get a physical weak solution, it is necessary that this solution fulfills condition (1.1.9) and satisfies, in addition, the entropy condition (1.1.7) in a suitable sense. Glowinski and Pironneau ( [24, 5, 22, 23] ) originally suggested an equivalent form of the entropy condition (1.1.7), which reads This condition has a very strong compactifying property, as has been pointed out in [15, 16, 32] . Nevertheless, its discrete analogue on unstructured meshes causes sometimes instabilities near the solid wall boundary, where the supersonic pocket occurs. Therefore, it was suggested to apply condition (1.2.16) with test functions from C°°(Q)+ instead of Co°(íí)+ . However, this modification is no longer consistent with the original (1.1.7) and moreover, in our numerical experiments we observed that its discretization causes convergence problems of the numerical scheme on the inflow and outflow boundary. In order to overcome these various difficulties, we shall develop a new approach, which has good properties both from the theoretical and numerical point of view. By hj and Ût we shall denote the length ofthe maximal side and the magnitude of the minimal angle of T g ^, respectively. We set (2.1.3) h = max.hr, u¡¡ = minor.
We shall assume that the system {^}/,e(o,A0) is regular. This means that there exists #o such that (2.1.4) tfA>#0>0 VAe(0,Ao).
By r0/i, T^ , T^ , and YNh we denote the approximation of r0 , YN, YN , and T^, respectively. Approximate solutions to problem (1.2.14, a-c) will be sought in the finitedimensional space of conforming piecewise linear elements (2.1.5) Xh = {vh ; vh G C°(SÍh), vh is affine on each T G ^}.
The space V will be approximated by By Wfl¡, i = 1, ..., Nf,, we denote the basis functions in X/, with the property wh,{Pj) = ¿u , i,j=l,...,Nk. We further denote by rk: ct/, -> A^ the operator of the Lagrange interpolation:
(2.1.7) rAweZA, (rÄu)(P/) = w(P/) V7> e ah for^a^R1.
2.2. Finite element discretization of the problem. Let the form a(u, v) be approximated by
In order to approximate L(v), we shall introduce an approximation qsh : YNh -> R1 of qN • Let xf, xf be the local Cartesian coordinates in the neighborhood of a side S c dSlh of a triangle le^i adjacent to dSlh such that xf and xf are measured in the tangential and normal direction to 5, respectively. Now (provided h e (0, ho) and ho is sufficiently small), the arc £ C dSl approximated by the side S, can be expressed by the graph of a function xf = <Psh{xf), xf G [0,s(S)] (s(S) = the length of S). Then for S c TNh and Let us remark that Theorem 2.2.17 does not guarantee the existence of a solution that satisfies, in addition, the discrete entropy condition and the uniform pointwise estimate for the gradient. Therefore, we shall reformulate the discrete problem in a suitable way which takes these features into account.
2.3. Least squares method with penalization. In this subsection we shall reformulate the problem of finding a physical approximate solution as a minimization problem. This approach was introduced by Glowinski and Pironneau in their paper [24] . However, they considered the case e = 1 and âA = cta n Slh . Here, s2 G [0, oo) is an arbitrary but fixed constant. The functional ^ is continuous, and its minimum over the finite-dimensional closed bounded set KS2,h ■= {<Ph\ <Ph € uH + Vh, \\V<Ph\\2Loc{Sik) < s2} is obtained in at least one element uk G KSl h.
For our further considerations we shall introduce the following definition and mention some results which will be used later.
2.3.6. Definition. We say that the family {HTk} of triangulations is quasiuniform if each triangle T G ^ contains a circle of radius C\h and if it is contained in a circle of radius c2h . Here, c\ and c2 are constants independent of h and T.
The following estimates can be derived for a quasiuniform family of triangulations (cf., e.g., [6] Here, c, C are positive constants independent of h . Now we shall prove that the family {uh} defined by (2.3.5) satisfies an estimate which already looks similar to the entropy condition (2. 
Convergence
Here we shall deal with the convergence of the approximate finite element solutions wA of the transonic flow problem to an exact solution, provided h -» 0. The main tools are the compactification properties of the entropy condition (discovered by Feistauer, Mandel, Ñecas [15, 16, 27] and generalized by Berger [3] ) and the analysis of the finite element variational crimes for nonlinear elliptic problems by Feistauer, Zenísek, Sobotíková [19, 20, 21] .
3.1. Preliminaries. In the sequel we shall consider a family {■9h}he(o,h0) °f triangulations of the domains QA and assume that ho > 0 is sufficiently small. Here and in the following, the constant c is independent of h and «A, but it can depend on p in general. For the proof of (3.1.5) we need the uniform theorem on traces in Wl 'P(£2A), which is a consequence of similar arguments as in [14 2.16, a-c) . We assume that u*h = rhu* and u* G Wl<°°{R2). In view of (2. 2.16, b) , the solution Uh can be written in the form (3.1.24) uh = u*h + zh, where zh G Vh.
Similarly as in [19] , we define the function u'h G Wl'2(Sl) associated with wA :
where zA is defined by (3.1.15).
In view of (3.1.20, c and e) we have This implies the existence of a subsequence {«/,"} and a function u such that hn -» 0+ , (3.1. 33) u'hn -u * -weakly in Wl<°°{Sl), u'hn-u weakly in Wl'p (SI), p e[l, oo).
The aim of our following considerations will be to prove strong convergence of u1, and to show that the limit « is a solution of the continuous transonic flow problem.
3.2. Compactification by the discrete entropy condition. The proof of convergence of the approximate solutions wA to a solution of the continuous problem will be based on the following fundamental theorem:
3.2.1. Theorem. Let q G (2, oo) and G" G {Wl>*(Sl))' (= dual to the space Wl,q(Sl)) be a sequence satisfying
where L is a constant independent of v and n . Then (where u'h is defined in (3.1.25)) and u is a physically admissible solution of (1.2.14, a-c) satisfying u G ç"f K ■ Moreover, We see that the assumptions of Theorem 3.2.1 are satisfied, and since q > 2 was arbitrary, it follows that (3.2.11) Gh -G strongly in (Wl -p(Sï))' for all p > 2.
All the terms in (3.2.12) denoted 1-12 tend to zero, if A -♦ 0. This is a consequence of the following table, where we introduce the formulas and estimates which imply the convergence of the particular terms 1-12: + (c) In order to prove that u satisfies (1.2.14, a-c), we observe that u'h-ü*h = zh G V, u'h -* u , wA -* u* and thus, zh -» z :-u -u* in Wl -2(Q). Since V is a closed subspace of Wl -2(Sl), we have u -u* G V, which is (1.2.14, b).
(d) For the verification of (1.2.14, a,c) we shall consider an arbitrary tief and denote vh = nAu G Vh. In view of Lemma 3. 3.2.21. Remark. The assumptions on approximate solutions may seem rather strong, but they are necessary to guarantee their physical admissibility. In the following, Theorem 3.2.5 will be used as a tool for proving the convergence of solutions of the minimization problems. •>n"
This, the Cauchy inequality, the fact that Zh-Xh E Vh, and (3.3.1, c) yield the relation \Phu -uc\w^2(ak) < Ima _ u*\w^2(ah) + *Ç£ \Xh -zc\w^2(ah)-By (3.1.20, a), the density of "V in the space V, and the property (3.1.23, a)
we get the assertion (3.3.3, a). The result (3.3.3, b) is obtained on the basis of (3.1.2), (3.1.4), and the absolute continuity of the Lebesgue integral (cf.
(3.2.15)).
Further, using the relation Phu = u*h + zh, zA G Vk, (3.3.1, c) with uA := Zh , (3.1.8), the boundedness of the family {u*h}, and (3.1.4), (3.1.5), we get 3.3.29. Remark. Concerning assumption (3.3.5), we refer to the result of Rannacher and Scott [33] , where they prove the stability of the Ritz projection in Wl'p(Sl) for all p G [2, oo] . According to the authors of [33] , it is possible to extend this stability result to more general boundary conditions and to the case of a piecewise smooth boundary, provided the corner angles do not exceed some critical values.
3.3.30. Remark. In the proof of Theorem 3.3.4 it has been shown that the limit case e -1 is still allowed. This is an improvement of the results of Berger [3] achieved by our refined analysis. Nevertheless, since the function y(h) = \J¿Ph(uh)hE~x determines how well uh satisfies the entropy condition, the choice e > 1 seems to be more suitable. For e > 1 the convergence y(h) -> 0 is faster than for e = 1, when y(h) can tend to zero very slowly. On the other hand, owing to the variational crimes, it is not possible to choose e > 1.5 in domains with curved boundaries.
The numerical experiments in calculations of transonic flow past NACA 0012 profile are in agreement with our theoretical results. They show that the choice e = 1 gives a too flat velocity distribution along the profile. If we take e > 1, the results are better and closer to the results obtained by finite difference methods (cf., e.g., [3] ). However, the choice e > 1.5 leads in some cases to instabilities and slow convergence of the iterative process for obtaining an approximate solution. If we choose e G (1, 1.5), these problems disappeared. 
